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m Lesson 25: Incredibly Useful Ratios

Student Outcomes
=  For a given acute angle of a right triangle, students identify the opposite side, adjacent side, and hypotenuse.

adj opp
=  Students understand that the values of the ﬁ and ﬁ ratios for a given acute angle are constant.
y y

Lesson Notes

adj o
In Lesson 25, students discover that the values of the ﬁ and % ratios in a right triangle depend solely on the
measure of the acute angle by which the adjacent, opposite, and hypotenuse sides are identified. To do this, students
first learn how to identify these reference labels. Then, two groups take measurements and make calculations of the

ad o
values of the ﬁ and hLE ratios for two sets of triangles, where each triangle in one set is similar to a triangle in the
y y

other. This exploration leads to the conclusion regarding the “incredibly useful ratios.”

Classwork

Exercises 1-3 (4 minutes)

Exercises 1-3
Use the right triangle A ABC to answer Exercises 1-3.
1. Name the side of the triangle opposite £A. A

BC

2. Name the side of the triangle opposite 2B.

AC

3. Name the side of the triangle opposite 2C.

AB

=  Another common way of labeling the sides of triangles is to make use of the relationship between a vertex and
the side opposite the vertex and the lowercase letter of each vertex angle.
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A
b C
C - B

= In the diagram above, label the side opposite 24 as a. Similarly, label the side opposite 2B as b and the side
opposite 2C as c.

=  Why is this way of labeling the triangle useful?

o Using a lowercase letter to represent the side opposite a vertex immediately describes a relationship
within a triangle. It might be useful when we are sketching diagrams for problems that provide partial
information about a triangle.

Discussion (8 minutes)

=  Now we will discuss another set of labels. These labels are specific to right triangles.
=  The triangle below is right triangle A ABC. Denote £B as the right angle of the triangle.

=  Of the two acute angles, we are going to focus our attention on labeling £A. Mark £A in the triangle with a
single arc.

=  With respect to acute angle £A of a right triangle A ABC, we identify the Scaffolding:

opposite side, the adjacent side, and the hypotenuse as follows: = Consider asking students
to create a poster of this

- With respect to £A, the opposite side, denoted opp, is side BC, diagram to display on the

- With respect to £A, the adjacent side, denoted adj, is side 4B, classroom wall
- The hypotenuse, denoted hyp, is side AC and is opposite from the (alternatively, a sample is
90° angle. provided in this lesson

before the Exit Ticket).

= Consider color coding the
sides and the definitions.
For example, write the
word hypotenuse in red,
and then trace that side of
hyp opp the triangle in red.

= With respect to £A, label the sides of the triangle as opp, adj, and hyp.
C C

= Rehearse the various
terms by pointing to each
and asking for choral

B responses of opposite,

A B A adj B adjacent, and hypotenuse.

=  Note that the sides are identified with respect to 24, or using £A as a reference. The labels change if the
acute angle selected changes. How would the labels of the sides change if we were looking at acute angle 2C,
instead of 24, as a reference?

o The hypotenuse would remain the same, but the opposite side of C is AB, and the adjacent side of £C
is BC.
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=  The label hypotenuse will always be the hypotenuse of the right triangle, that is, the side opposite from the
right angle, but the adjacent and opposite side labels are dependent upon which acute angle is used as a
reference.

Exercises 4—6 (4 minutes)

In Exercises 4—6, students practice identifying the adjacent side, the opposite side, and the hypotenuse of a right
triangle, with respect to a given acute angle.

Exercises 4-6
For each exercise, label the appropriate sides as adjacent, opposite, and hypotenuse, with respect to the marked acute
angle.
4. F F
h
adj P
D E D opp E
5. adj
Q R Q J R
opp hyp
P P
K K
6.
hyp )
adj
] L ] opp L

Exploratory Challenge (10 minutes)

In the following Exploratory Challenge, assign one set of triangles to each half of the class. Every triangle in each set has
a corresponding, similar triangle in the other set. Students complete the table for missing angle and side length
opp

adj
measurements and values of the ratios 29 and —.
hyp hyp
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Exploratory Challenge
Note: Angle measures are approximations.
For each triangle in your set, determine missing angle measurements and side lengths. Side lengths should be measured
adj o
to one decimal place. Make sure that each of the ﬁ and hlyz ratios are set up and missing values are calculated and
rounded appropriately.
Group 1
. opp adj
Triangle Angle Measures Length Measures — .
hyp hyp
AB =5cm 12 5
1. AABC msA = 67° BC =12 cm — =~ 0.92 — ~0.38
AC=13cm 13 13
DE =3 cm 4 3
2. A DEF msD =~ 53° EF =4 cm §:0.8 -=0.6
DF =5 cm 5
GH =5.3cm 5.3
3. A GHI mzsl ~ 41° HI = 6 cm ~~~0.66 6/8=0.75
16 =8cm 8
JK =4 cm 4 6.93
4. AJKL mzL =~ 30° KL =6.93 cm i 0.5 —— =~ 0.87
JL=8cm 8
MN =7.5cm 4 75
5. AMNO msM ~ 28° NO =4 cm — =~ 0.47 —— ~0.88
OM = 8.5 cm 8.5 8.5

ﬂJABrEHK“A Lesson 25: Incredibly Useful Ratios engageny 392

This work is derived from Eureka Math ™ and licensed by Great Minds. ©2015 Great Minds. eureka-math.org (r.:c) BY-NC-SA This V\-IOI'k is licensed un_der_a . X .
This file derived from GEO-M2-TE-1.3.0-08.2015 Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 25 m 0

GEOMETRY

Group 2
Triangl Angle M Length M opP adj
riangle ngle easures en, easures . —_—
& € € hyp hyp
A'B'=2.5cm 6 2.5
1. AA'B'C’ mzA’ =~ 67° B'C'=6cm %3 ~ 0.92 ——~0.38
A'C = 6.5 cm 6. 6.5
D'E'=6cm 8 6
2. AD'E'F' msD’ ~ 53° E'F=8cm —=0.8 —=0.6
D'F' =10 cm 10 10
G'H =7.9cm 79 9
3. AGH'T msl' =~ 41° H'I'=9cm —~%0.66 —=0.75
I'6' =12 cm 12 12
18748 & ! l]{( - 6cm 6 10'4
4. AJ'K'L m«L =~ 30° K'L' =10.4 cm —=0.5 — = 0.87
J'L' =12 cm 12 12
M'N'=15cm 8 15
5. AM'N'O’ msM' =~ 28° N'0O'=8cm — =~ 0.47 — =~ 0.88
O'M' =17 cm 17 17

Have each half of the class share all of the actual measurements and values of the ratios for both sets of triangles (on a

poster or on the board).

With a partner, discuss what you can conclude about each pair of triangles between the two sets.

Each pair of triangles is similar by the AA criterion. The marked acute angle for each pair of corresponding triangles is the
adj opp
and — ratios are the same.
hyp

same. The values of the —
hyp

= Since the triangles are similar, it is no surprise that corresponding angles are equal in measure and that the
values of the ratios of lengths are in constant proportion.

= Use these observations to guide you through solving for unknown lengths in Exercises 7-10. Consider why it is
that you are able to actually find the missing lengths.

Exercises 7-10 (10 minutes)

Students approximate unknown lengths to one decimal place. The answers are approximations because the acute
angles are really only approximations, not exact measurements.
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Exercises 7-10

and finds

adj
hyp
120

z

it measures 41°.

= 0.75

= 0.75
=160

7.
opp
7 hyp
Y Y
7
53 y
X
8.
opp
9.2 Z hyp
9.2
30 z
X z
9. X
67
opp
—— = 0.92
hyp
21.6
21.6 7 ——=0.92
z=123.48

What is the height of the building? Round to the nearest meter.

opp

—— = 0.66

hyp

y _

g0 = 066
y =105.6

The height of the building is approximately 106 meters.

For each question, round the unknown lengths appropriately. Refer back to your completed chart from the Exploratory
Challenge; each indicated acute angle is the same approximated acute angle measure as in the chart. Set up and label the
appropriate length ratios, using the terms opp, adj, and hyp in the setup of each ratio.

10. From a point 120 m away from a building, Serena measures the angle between the ground and the top of a building

adj
hyp
X
7
X
adj _ 0.87
hyp
X _ o087
18.4 :
x=16.0
adj _ 0.38
hyp
X
~=10.38
z
X __ o038
23.48 '
x=8.9

-Q..

120m
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Closing (4 minutes)
=  What did you notice about the triangles in Exercises 7-10 and the exercises in the Exploratory Challenge?
Explain.

o The triangles in the exercises were similar to those used in the Exploratory Challenge. We can be sure
of this because the triangles in the exercises and the Exploratory Challenge each had two angle
measures in common: each had a right angle and an acute angle equal in measure.

=  Why were you able to rely on the Exploratory Challenge chart to determine the unknown lengths in Exercises

7-10?
o Because the triangles in Exercises 7—10 are similar to those triangles in the Exploratory Challenge, we
o adj
were able to use the values of the hLE and ﬁ ratios to set up an equation for each question.
y y
=  Since all the triangles used in the lesson are right triangles in general, what determines when two right
. opp adj . .
triangles have —— and — ratios equal in value?
hyp — hyp
o Both right triangles must have corresponding acute angles of equal measure, and the same acute angle
o adj
must be referenced in both triangles for the values of the ﬁ and ﬁ ratios to be equal.

= |Inthis lesson, you were provided with just a handful of ratio values, each of which corresponded to a given
acute angle measure in a right triangle. Knowing these ratio values for the given acute angle measure allowed
us to solve for unknown lengths in triangles similar to right triangles; this is what makes these ratios so
incredible. In the next lesson, we learn that we have easy access to these ratios for any angle measure.

Relevant Vocabulary

SIDES OF A RIGHT TRIANGLE: The hypotenuse of a right triangle is the side opposite the right angle; the other two sides of the
right triangle are called the legs. Let 8 be the angle measure of an acute angle of the right triangle. The opposite side is
the leg opposite that angle. The adjacent side is the leg that is contained in one of the two rays of that angle (the
hypotenuse is contained in the other ray of the angle).

Exit Ticket (5 minutes)
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Name Date

Lesson 25: Incredibly Useful Ratios

Exit Ticket

1. Use the chart from the Exploratory Challenge to approximate the unknown lengths y and z to one decimal place.

28

22.5

2. Why can we use the chart from the Exploratory Challenge to approximate the unknown lengths?
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Exit Ticket Sample Solutions

1.  Use the chart from the Exploratory Challenge to approximate the unknown lengths y and z to one decimal place.

di
adq _ 0.88 opp _ 0.47 VA
hyp hyp y
22.5 y
— 0.88 56" 0.47 280

= ~ 12

2.  Why can we use the chart from the Exploratory Challenge to approximate the unknown lengths?
The triangle in Problem 1 is similar to a triangle in the chart from the Exploratory Challenge. Since the triangles are

I opp adj . . . .
similar, the values of the hvo and v ratios in reference to the acute angle of 28° can be used in the equations

needed to solve for unknown lengths.

Problem Set Sample Solutions

o dj
The table below contains the values of the ratios % and h—y:) for a variety of right triangles based on a given acute angle,

0, from each triangle. Use the table and the diagram of the right triangle below to complete each problem.

o 0 10 20 30 40 45 50 60 70 80 90
(degrees)

opp 1

m 0 0.1736| 0.3420 5= 0.5| 0.6428| 0.7071| 0.7660| 0.8660| 0.9397| 0.9848 1

adj 1

ﬁ 1 0.9848| 0.9397| 0.8660| 0.7660| 0.7071| 0.6428 E:0.5 0.3420| 0.1736 0

opp

adj

NOT DRAWN TO SCALE
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For each problem, approximate the unknown lengths to one decimal place. Write the appropriate length ratios using the
terms opp, adj, and hyp in the setup of each ratio.

Find the approximate length of the leg opposite the 80° angle.

1.
. . opp o
Using the value of the ratio _hyp for an 80° angle:

24
s opp _

80 2% = 0.9848

opp = 23.6352

The length of the leg opposite the 80° angle is
approximately 23. 6.

2.  Find the approximate length of the hypotenuse.

] 45°
. . opp .
Using the value of the ratio m for a 45° angle:
7.1
—=10.7071
7.1 hyp
7.1 h
0.7071 7P
10.0410 = hyp
The length of the hypotenuse is approximately 10. 0.

Find the approximate length of the hypotenuse.

3.
adj

Using the value of the ratio h_yp for a 60° angle:

0.7 1

0.7 yp 2

0.7 h
R

60° 2
1.4 = hyp
The length of the hypotenuse is 1.4.
4.  Find the approximate length of the leg adjacent to the 40° angle.

‘ Using the value of the ratio % for a 40° angle:
a_dj =0.7660
) 18 '
adj = 13.788
18
The length of the leg adjacent to the given 40° angle is approximately

13.8.
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5.

Find the length of both legs of the right triangle below. Indicate which leg is adjacent and which is opposite the
given angle of 30°.

o
A Using the value of the ratio h%}:: for a 30° angle:

opp 1

2
opp =6
12
The length of the leg that is opposite the given 30° angle is 6.

adj
Using the value of the ratio ﬁ fora 30° angle:

adj _ 0.8660
12~

adj = 10.392

The length of the leg that is adjacent to the given 30° angle is approximately 10. 4.

Three city streets form a right triangle. Main Street and State Street are perpendicular. Laura Street and State
Street intersect at a 50° angle. The distance along Laura Street to Main Street is 0.8 mile. If Laura Street is closed
between Main Street and State Street for a festival, approximately how far (to the nearest tenth) will someone have
to travel to get around the festival if they take only Main Street and State Street?

The leg opposite the 50° angle represents the distance
along Main Street, the leg adjacent to the 50° angle
represents the distance along State Street, and the
hypotenuse of the triangle represents the 0.8 mile
distance along Laura Street.

. . opp o
Using the ratio —— for 50°:
hyp

opp
0.7660 = ——
0.8
0.6128 = opp
. . adj
Using the ratio — for 50°:
hyp
0.6428 = ady
’ 0.8
0.51424 = adj

The total distance of the detour:
0.6128 + 0.51424 =1.12704

The total distance to travel around the festival along
State Street and Main Street is approximately 1.1 miles.
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7. A cable anchors a utility pole to the ground as shown in the picture. The cable forms an angle of 70° with the
ground. The distance from the base of the utility pole to the anchor point on the ground is 3. 8 meters.
Approximately how long is the support cable?

The hypotenuse of the triangle represents the length of the support
cable in the diagram, and the leg adjacent to the given 70° angle
represents the distance between the anchor point and the base of

adj
the utility pole. Using the value of the ratio ﬁ for70°:

3.8
0.3420 = —
hyp

hop 38
YP = %3220
hyp = 11.1111

o

7
The length of the support cable is approximately 11.1 meters long. [ ] « Anchor Point

o
8. Indy says that the ratio of aLdli) for an angle of 0° has a value of 0 because the opposite side of the triangle has a

length of 0. What does she mean?

Indy’s triangle is not actually a triangle since the opposite side does not have length, which means that it does not
exist. As the degree measure of the angle considered gets closer to 0°, the value of the ratio gets closer to 0.
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Identifying Sides of a Right Triangle with Respect to a Given Acute Angle
Poster
c C
hyp opp hyp
adj

A |715’ A |7{:,’

adj opp
9 With respect to 24, the opposite side, opp, is side 1 With respect to £C, the opposite side, opp, is side
BC. AB.
1  With respect to 24, the adjacent side, adj, is side 1  With respect to £C, the adjacent side, adj, is side
AB. BC.
1 The hypotenuse, hyp, is side AC and is always 1 The hypotenuse, hyp, is side AC and is always
opposite from the 90° angle. opposite from the 90° angle.
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